Abstract: In this paper we establish new generalized fractional integral inequalities involving the Gauss hypergeometric function for synchronous functions which are related to the Chebyshev functional.We deal with generalized fractional integral inequalities involving Saigo, Erdelyi-Kober and RiemannLiouville type fractional integral operators.
Introduction
In recent years, much attention has been given to fractional integral inequalities. There are many applications, extensions and generalizations we refer to such type of studies in [3, 16] . They provide upper and lower bounds to the solutions of fractional partial differential equations. The aim of this article is to obtain new integral inequalities for synchronous functions that are related to the Chebyshev functional using generalized α-Riemann-Liouville k-fractional integrals.
Preliminaries
In this section we will give some definitions and related details. Definition 1. Two functions f and g are said to be synchronous on [a, b] , if {(f (x) − f (y)) (g(x) − g(y))} ≥ 0, (2.1)
for any x, y ∈ [a, b], Definition 2. A real-valued function f (t) (t > 0) is said to be in the space C µ (µ ∈ R) if there exists a real number p > µ such that f (t) = t p φ(t), where φ(t) ∈ C (0, ∞) .
Definition 3.
[22] A function f (t), t > 0 is said to be in the
Definition 4. [21] Let f ∈ L 1 [0, ∞).The Riemann-Liouville fractional integral of order α ≥ 0 is defined by
3)
where Γ is the gamma function.
The Generalized RiemannLiouville fractional integral I α,k f (x) of order α ≥ 0 and k ≥ 0 is defined by
4)
Definition 6. Let k ≥ 0, α > 0, µ > −1, and β, η ∈ R ;then a generalized k− fractional integral I α,β,η,µ t,k (in terms of the Gauss hypergeometric function) of order α for a real -valued continuous function f (t) is defined by [4] (see also [15] )
where the functions 2 F 1 (−) appearing as a kernel for the operator (2.5) is the Gaussian hypergeometric function defined by
The Pochhammer symbol (a) n is defined by:
For µ = 0, β = −α we obtain equality (2.4) in Definition 5. Also, for k = 0, µ = 0, and β = −α we obtain equality (2.3) in Definition 4. The aim of the present research is to obtain certain Chebyshev type integral inequalities including the generalized fractional integral operators [5] which involves the kernel, Gauss hypergeometric function (defined above). The concluding part gives some special state of the main results.
Let k = 0 in (2.4) and (2.5) , then we have the results in [3] .
Main Results
In this section we obtain certain Chebyshev type integral inequalities involving the generalized k−fractional integral operator. The following lemma is used for our first result.
Lemma 1. Let, k ≥ 0, α, β, η, λ ∈ R, µ > −1, µ + λ > 0, and λ − β + η > 0, then the following equality holds for symbol formula for (2.5) fractional integral.
Proof. If we take f (τ ) = τ λ−1 in (2.5) fractional integral, then we obtain,
If we use definition of Gaussian hypergeometric function, then we get, [14] (
2) reduces to (3.1). Now, we obtain integral inequalities for the synchronous functions involving the generalized fractional integral operator (2.5) .
Theorem 1. Let f and g be two synchronous functions on [0, ∞). Then the following inequality holds for all
Proof. Since f and g be two synchronous functions; from Definition 1, for all τ, p ∈ (0, t), t ≥ 0, we have
which implies that
Our observation is that each term of the above series is positive in view of the conditions stated with Theorem 1, so the function F (t, τ ) remains positive, for all τ ∈ (0, t) (t > 0). Multiplying both sides of (3.6) by F (t, τ ) (where F (t, τ ) is given by (3.7) ) and integrating with respect to τ from 0 to t, and using (2.5), we have
Then, multiplying both sides of (3.8) by F (t, p) (p ∈ (0, t), t > 0), where F (t, p) is given by (3.7) and integrating with respect to p from 0 to t, and using Lemma 1 (for λ = 1 ), we obtain designed result (3.4).
Theorem 2. Let f and g be two synchronous functions on [0, ∞) Then the following inequality holds for all k ≥ 0, t > 0, α > max {0, −β − µ} , γ > max {0, −δ − ν} , µ, ν > −1, β, δ < 1, β − 1 < η < 0, δ − 1 < ζ < 0,
Proof. We use (3.8) inequality to prove the theorem. Multiplying both sides of (3.8) with,
which remains positive in view of the conditions stated with (3.9) and integrating with respect to p from 0 to t, we obtain
This result reduces to desired inequality by using (3.1) (for λ = 1).
Remark 1.
If may be said that inequalities (3.4) and (3.9) are reversed if the functions are asynchronous on [0, ∞); that is,
for any x, y ∈ [0, ∞) .
Remark 2.
If we consider γ = α, δ = β, ζ = η, and ν = µ, Theorem 2 we obtain that change to Theorem 1.
..,n be n positive increasing function on [0, ∞).
Then the following inequality holds for all
(3.13)
Proof. To prove this theorem by mathematical induction.Clearly, for n = 1 in (3.13) we get I
, then for n = 2 in (3.13), we have
(k ≥ 0, t > 0, α > 0) which holds in case of (3.4) of Theorem 1. By the induction principle, we consider that the inequality f i (t) = g and f n = f provided that
Then if we use (3.16) , we obtain desired inequality. Now, we suppose another variation of the fractional integral inequalities.
Theorem 4. Let f and g be two functions on [0, ∞) such that f increasing g is differentiable, and there exists a P (t) polynomial inf
Proof. When we consider the function h(t) = g(t) − P (t). It is clear that h is differentiable and it is increasing on [0, ∞); therefore, by using Theorem 1, we have
If we use, (3.1) (for λ = 2) we have (3.18) .
Theorem 5. Let f and g be two functions on [0, ∞) such that f increasing, g is differentiable, and there exists a p(t) polynomial sup
(3.20)
Proof. By applying the similar arguments as in the proof of Theorem 4, it is easily to verify statement. Hence, we omitted the details of the proof. Corollary 1. Let f and g be two functions on [0, ∞) such that f increasing g is differentiable, and there exists a P (t) polynomial inf t≥0 g ′ (t)
Corollary 2. Let f and g be two functions on [0, ∞) such that f increasing, g is differentiable, and there exists a p(t) polynomial sup t≥0
Corollary 3. Let f and g be two functions on [0, ∞) such that f increasing g is differentiable, and there exists a P (t) polynomial inf t≥0 g ′ (t) P ′ (t) ≥ 1. Then the following inequality holds for all k ≥ 0, t > 0, α > 0, µ > −1, β < 1, β − 1 < η < 0, Corollary 4. Let f and g be two functions on [0, ∞) such that f increasing, g is differentiable, and there exists a p(t) polynomial sup t≥0 g ′ (t) p ′ (t) ≥ 1; Then the following inequality holds for all k ≥ 0, t > 0, α > 0, µ > −1, β < 1, β − 1 < η < 0, As a result, if we take µ = 0 and β = −α (ν = 0 and δ = −γ additionally for Theorem 2), then Theorems 1 to 5, yields the known results due to Belarbi and Dahmani [4] .
